Hydromechanics of Propulsion for Ciliated Micro-Organisms by Brennen, Christopher
HYDROMECHANICS OF PROPULSION FOR CILLATED MICRO- 
ORGANISMS 
Christopher Brennen 
California Institute of Technology 
Pasadena, California 
INTRODUCTION 
To the present t ime much of the hydrodynamic analysis of 
the locomotion of cil iated micro-organisms has concentrated on 
the localized interaction between the cil ia and the fluid medium. 
In doing so  most  investigators have found i t  necessary  to simplify 
the la rger  scale  flow and to  consider "infinite sheet models" i n  
which the fluid flow solutions a r e  purely harmonic and the wave 
propert ies  invariant in the rect i l inear  coordinate paral le l  to the 
sheet. The resulting mean  motion i s  purely unidirectional and 
thus the hydrodynamic solution greatly simplified. Since these  
"infinite sheet models" conveniently t e r m e d  the "envelope1' and 
"sub-layer" models a r e  discussed in  detail  by Blake and Sleigh 
(1974a, b) elsewhere in  this volume fur ther  amplification i s  un- 
necessary.  It i s  convenient, however, for  our purposes to  think 
of these a s  fluidlcil ia interaction models describing the local 
interaction between the cilia and the fluid. The relative m e r i t s  
of the two types of model and c r i t e r i a  which descr ibe their  re- 
spective region of validity a r e  discussed by Brennen (1974) and 
by Blake and Sleigh (1974b). 
In the present  paper we will discuss  some of the charac-  
t e r i s t i c s  of the flow around "finite" cil iated micro-organisms,  
pointing out along the way those effects not experienced in the in- 
finite sheet  models but which a r e  important in  evaluating, say, 
the propulsive velocity of a cil iated micro-organism. The only 
previous solution for  a "finite" body to appear in  the l i terature 
seems to  be that of Lighthill (1952), l a te r  modified by Blake 
(1971a) in  which traveling surface waves on a sphere (to use  the 
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"envelope" model) a r e  approximated by combining two spherical  
harmonic functions whose o r d e r s  differ by one. But this solution 
i s  very restr ic t ive in t e r m s  of the permitted variation of wave- 
f o r m  and wave amplitude over the body and i t s  extension to  non- 
spheroidal bodies would involve prohibitive algebraic complexity. 
Here  we take a quite different approach to the rect i l inear  
propulsion of a cil iated organism and make use  of some general  
character is t ics  of the resulting flow i l lustrated in  Figure 1 and 
descr ibed in more  detail by Brennen (1974), The pr imary  s impli-  
fication a r i s e s  f r o m  the observation that the unsteady components 
of fluid motion resulting f r o m  the interaction between the cilia 
beating s o  a s  to produce a metachronal  wave wave number,  
k = Zn/h) and the fluid a r e  attenuated like e-'y with distance y 
f r o m  the surface. Such attenuation can  a l so  be recognized in the 
experimental measurements  of Cheung and Winet (1974). It follows 
that, if the metachronal  wavelength, X, is much smal le r  than the 
overall  dimension of the organism, a,  i. e. ka >> 1, then virtually 
a l l  of the unsteady fluid motions a r e  confined to a thin layer  s u r -  
rounding the organism. This  we will  t e r m  the oscillating-boundary 
layer .  It follows that outside this  layer  t he re  i s  a matching steady 
flow around the organism crea ted  by i t s  steady t ranslat ion through 
the fluid a t  a velocity, U. This exter ior  flow i s  t e rmed  the com- 
plementary Stokes flow, s ince the Reynolds number Ua/v (V = 
kinematic viscosity of the fluid) i s  generally very much less  than 
unity. A basic philosophy for  the solution of the general  hydro- 
dynamic problem now becomes apparent.  Equations will f i r s t  be 
derived which describe the propert ies  of the flow within the osci l -  
la tory boundary layer a s  a function of the ci l iary beat and the 
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Figure  1. Schematic i l lustrating the application of the oscillatory 
boundary layer technique. 
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metachronal wave parameters .  This  will then be matched to the 
complementary Stokes flow in order  to  determine the la t ter .  If 
the final objective i s  to  evaluate the propulsive velocity, U, there 
i s  however one final point which must  be resolved. Clearly one 
could add to the complementary Stokes flow any a rb i t r a ry  Stokes 
flow which in  a f r ame  of reference relative to  the organism has 
z e r o  velocity in  the neighborhood of the surface but which a rb i -  
t r a r i l y  changes the velocity a t  infinity o r  propulsive velocity, U. 
This  a rb i t ra r iness  can only be removed by application of the 
condition that the total  force  on the organism be zero,  a condition 
fundamental to self-propelling bodies. In order  to  implement 
this  condition i t  i s  necessary  to  evaluate the surface s t r e s s e s  on 
the organism f r o m  the oscillatory boundary layer equations ( see  
the section on Equations fo r  the Oscillatory Boundary Layer) .  
The final step in the determination of the propulsive velocity will 
then be the application of the ze ro  total  force  condition. 
It i s  worth pointing out that such a philosophy i s  independent 
of the particular f luidlci l ia  interaction model which one chooses 
to employ, Hence, though we shal l  confine ourselves he re  to the 
development of boundary layer  equations for  the envelope model, 
it should be appreciated that boundary layer equations for the 
sub-layer model could a l so  be developed and a s imi la r  procedure 
adopted. 
WAVEFORM AND WAVE AMPLITUDE 
Since boundary layer  equations for  the envelope model of 
fluidlcil ia interaction a r e  to be descr ibed he re  i t  i s  f i r s t  necessary  
to  define the motions of that envelope in parametr ic  t e r m s .  The 
motions of a hypothetical ma te r i a l  point on the envelope correspond 
t o  the motions of a t ip of a cil ium and, through the conditions of 
no-slip and impermeabili ty,  to  the motions of the fluid element 
a t  that point. This  motion i s  comprised of displacements both 
normal  (coordinate, n) and tangential (coordinate, s )  t o  the mean 
surface.  We shall  make the assumption that the frequency, w, 
of c i l iary beat and therefore of the displacements i s  invariant 
over the mean surface. Thus the metachronal wave can be decom- 
posed into a wave of displacement normal  to the surface (the n 
wave) of amplitude, An, and a wave of displacement tangential to 
the surface (the s wave) of amplitude, As. Thus a t  any point, 
s ,  on the surface i t  i s  necessary  to  define three  wave quantities, 
namely a wave amplitude, the rat io  of the two amplitudes and the 
phase between the s and n waves. The rat io  of amplitudes is 
defined by the parameter  K(s)  where 
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so  that K = +1 describes  a purely tangential displacement ( see  
Tuck (1968)) and K = - 1 a purely normal  displacement ( see  f i r s t  
o rder  solution in  Taylor (195 1) ;  a l l  other combinations a r e  con- 
veniently bracketed in -1 < K < 1, We a lso  define a phase angle, 
Op(s), where the n wave lags the s wave by (8  -1~12). Thus P the waveform is  completely defined by K(s),  8 ( s ) ;  however, i t  i s  P 
a l so  convenient f r o m  the mathematical point of view to  define a n  
alternative waveform parameter ,  7 (s) ,  which i s  complex and 
related t o  K, 6 by 
P 
where the bar  denotes complex conjugate and j i s  the imaginary 
index. Figure 2 demonstrates how the locus of an  envelope ele-  
ment  or cil iary t ip  var ies  with K and 6 Finally we also define 
a non-dimensional wave amplitude, ~ ( s ) ,  'such that 
It is a l so  convenient to  define a length, I, a s  
Experience with particular cilium beat patterns (Brennen (1974)) 
indicates that in  general Q i s  between 0 ,  5 and 0. 8 t imes  the length 
of the cilium. Hence 1 will  be called the "equivalent cil ium 
length". 
INFINITE SHEET 
It i s  instructive t o  r epo r t  h e r e  the  resu l t s  of the hydro- 
dynamic solution for the c a s e  of an  infinite sheet.  Brennen (1974) 
has shown that under the condition that the envelope wave amplitude 
i s  sma l l  compared with the wavelength the solution of the unsteady 
Stokes flow equations leads to a propulsive velocity 
2 ' 1 
where  c is the metachronal wave velocity and (3={+$[ 1 +W )2t l]  }z 
where W i s  the oscillatory Reynolds number, w/k2v. When the 
la t te r  i s  much l e s s  than unity, + 1 and the solution i s  i.dentica1 
t o  that of Blake (1971b). It i s  worth pointing out that i n  this ca se  
the complementary Stokes flow i s  simply a uniform s t r eam;  more -  
over  f r o m  simple momentum principles (as pointed out by Taylor 
(1951)) the mean or  steady component of force  on the infinite 
sheet  in the direction of motion must  be z e r o  if the fluid motion i s  
r CILIARY T I P  LOCUS 
CIL IARY EXAMPLE : 
Figure  2. Diagram demonstrating how the elliptic locus of a 
surface particle var ies  with changes in  the parameters  K, 6 
Loci a r e  shown for K = -1 to +1 in  s teps of 0. 5 and for  9 t . 0  P to 2 ~ r  in steps of 1~12.  The figure i s  cor re la ted  with the mean  
surface horizontal, the fluid above i t  and the surface waves t r av -  
eling to the right. An example of a c i l ia  t ip locus (symplectic) is 
indicated below. 
unsheared f a r  f rom the sheet. Thus, f r o m  the point of view of 
the discussion in  the introduction the infinite sheet  i s  a degenerate 
example in  which the f o r m  of the complementary Stokes flow i s  
obvious, a pr ior i ,  and the z e r o  total  force  condition i s  satisfied 
by implication. 
The energy expenditure per unit surface a rea ,  E, required 
to  produce the motion i s  given by 
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where p. i s  th.e dynamic viscosity. Hence we may evaluate the 
propulsive velocity per unit energy expenditure which when W + 0 
is  simply related to the propulsive velocity divided by 12: 
and i s  a function only of waveform given alternatively by 7 or  by 
K and ep. Values a r e  shown in F igure  3 and demonstrate a n  
antiplectic o t imum a t  K = 1 / f i ,  8 = IT and a symplectic optimum P 
a t  K = - 1 1 3 ,  dp = 0. Such resu l t s  show little dependence on W 
being virtually the same  a t  W = 1; of course,  W must  be signifi- 
cantly l e s s  than unity fo r  the basic equations to  be valid. 
EQUATIONS F O R  THE OSCILLATORY BOUNDARY LAYER 
Equations for  the oscillatory boundary layer  can be devel- 
oped by generalizing the infinite sheet  solution to evaluate the 
situation in which both the waveform, 7, and the wave-amplitude, 
A, a r e  slowly varying functions of position, s on the surface.  
One then obtains the following boundary conditions, which the 
2 2 Figure  3. The variation of the propulsive velocity, U/ck 1 or  
wpU/E, with waveform type given by K, 0 for  the infinite f la t  P sheet solution when W -+ 0. Contours for  marked  values of 
~ / c k 2 @  or W ~ U / E  a r e  shown. 
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complementary Stokes flow must  obey on the mean surface of the 
organism (Brennen (1974)): 
where a s  W-0 
Expressions for  W # 0 a r e  also given by Brennen (1974). Here  
q s  and qn a r e  the components of velocity tangential and normal  
to the mean surface. Thus, given the waveform, T ( s ) ,  and wave 
amplitude, A(s)  for  a particular organism one can construct the 
steady complementary Stokes flow which satisfies these surface 
velocity conditions. This ,  of course,  s t i l l  presents a difficult 
hydrodynamic problem, though the recent work of Blake and 
Chwang (1974), Chwang and Wu (1974a, b) and others in  the con- 
struction of such solutions f r o m  distributions of fundamental singu- 
lar i t ies  can be most  useful in  this regard.  
This complementary Stokes flow will, of course,  sti l l  con- 
ta in an unknown velocity a t  infinity or  propulsive velocity, U, which 
must  be obtained f r o m  the z e r o  total  force  condition, F o r  the 
purposes of evaluation, it i s  convenient to divided the force  on the 
organism into two components (i) a force  due to the complementary 
Stokes flow, FC, which i s  readily evaluated in  the conventional 
manner and (ii) a force,  F p ,  due to  the particular solution within 
the oscillatory boundary layer.  It has been demonstrated (Brennen 
(1974)) that the la t ter  may be obtained by integration of the fol- 
lowing tangential (0,) and normal  (0,) s t r e s s e s  over the mean 
surface:  
where a s  W+O 
Thus knowing ~ ( s )  and A(s)  the force  F P  may be obtained and, 
f r o m  the condition Fp  + FC = 0, the velocity of propulsion, U 
may finally be evaluated. Note that the s t r e s s e s  os, on and thus 
the force FP a r e  automatically ze ro  in the infinite sheet case  
since A and T a r e  then constants. 
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CONTRIBUTIONS TO THE PROPULSIVE VELOCITY 
It is instructive, before passing t o  examples of the imple- 
mentation of the method descr ibed here.  to review and i n t e r ~ r e t  
physically the hydromechanical contributions to the propulsive 
velocity, All of the contributions to the steady motion occur a s  
quadratic combinations of t e r m s  involving the oscillatory motions. 
The f i r s t  and pr imary contribution in  the envelope model which 
has long been realized by Taylor  (195 I) ,  Blake (1971a, b) and 
others  a r i s e s  simply f r o m  the kinematic surface condition or ,  i n  
pract ical  mathematical t e r m s ,  f r o m  the quadratic combination of 
f i r s t  order  oscillatory motions in  the second t e r m  of a Taylor 
expansion about the mean position of the surface. When W + O  
this i s  the only remaining effect in  the infinite sheet solution (5) 
and in the oscillatory boundary layer  condition (8). When W # 0 
there  i s  an additional contribution f r o m  quadratic combinations 
in  the  convective iner t ia l  t e r m s  for  the Navier -Stokes equations 
but s ince this  i s  order  W t i m e s  the kinematic surface condition 
contribution i t  i s  usually small .  
An important resu l t  of the present  method of analyzing a 
"finite" ciliate i s  to  demonstrate the fac t  that a n  additional contr i -  
bution a r i s e s  f r o m  the surface s t r e s s e s  (1 1) which contributes 
(through the ze ro  total  force  condition) a t e r m  to  the propulsive 
velocity which i s  of the same  order  a s  the kinematic surface con- 
dition contribution, This additional effect i s  absent in the "infinite 
models" since there  os = on = 0. Thus the application of "infinite 
model" resu l t s  t o  "finite" micro-organism can be significantly in  
e r r o r .  Some simple examples wil l  help t o  i l lustrate  this  additional 
effect and to  evaluate the magnitude of the e r r o r  in infinite model 
predictions. 
PROPULSION OF AN ELLIPSOIDAL CILIATE 
Some simple examples of the application of the oscillating 
boundary layer theory to  the propulsion of a spherical  body were  
given by Brennen (1974). Rather than beginning with some wave- 
fo rm,  7, and amplitude, A, varying over the surface in  some 
specified manner,  the examples w e r e  simplified algebraically by 
assuming a complementary Stokes flow of the s implest  f o r m  namely 
a spherical  harmonic function of the f i r s t  order .  Though this 
implied cer ta in  functional restr ic t ions on the variation of T and 
A over the surface, fur ther  complexity was deemed unnecessary 
at the  present  t ime since there i s  l i t t le observational information 
on the variation of c i l iary beat pat tern with position on a micro-  
organism. Two particular examples were  explored; in the f i r s t  
the waveform, 7, remained constant over the surface and the 
amplitude A varied in such a way a s  to allow matching through 
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the relations (8), (9). The more  real is t ic  second example a s sumed  
a uniform "equivalent cil ium length", Q (equation (4)) while the 
waveform, 7, varied. It was most  significant that in the neighbor- 
hood of optimum propulsion, whether antiplectic o r  symplectic, 
the contribution of the "finite body t e rms"  mentioned in  the las t  
section enhanced propulsion over that which would be predicted on 
the basis of a n  "infinite model". 
In the present paper we present  a fur ther  example by 
applying the method to a n  ellipsoidal shaped ciliate propelling 
itself in  the direction of i t s  major  axis.  The mean shape i s  a s -  
sumed to be a prolate ellipsoid given by 
A tangent to  the surface at  a n  point subtends an  angle, p, with x the x axis given by t anq  = -b x /a2r .  As in  the sphere examples 
we now choose the s implest  complementary Stokes flow consistent 
with our requirements.  This  i s  given in  i t s  mos t  appropriate 
fo rm by Chwang and Wu (1974b), and i s  constructed using a uni- 
f o r m  distribution of stokeslets of strength, a,  oriented in the 
negative x direction and a parabolic distribution of doublets whose 
strength i s  represented by the parameter ,  P, along the interval  
of the x-axis between the foci, x = *ea. The resulting flow has  
tangential and normal  velocities on the surface given by 
where L, = l n { ( l t e ) / ( l - e ) ) ,  U i s  the propulsive velocity and we 
must  find values for  the unknowns U, a and P. Restricting 
solutions to the case  in  which the "equivalent cil ia length", Q i s  
constant over the body i t  follows f r o m  equation (4) and the applica- 
tion of the boundary conditions that 
(7 7-7-3-1)  - 
(1 4-77) - -E cos rp . 
(3-75/2)  - F b  cos cp 
(1 t 7 T )  - 2 2 2 +  t D  [ b2cos rp t a s in  rpI2 
where D i s  a n  a rb i t r a ry  integration constant and the constants 
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The relations (16) and (17) imply cer tain functional restr ic t ions 
on the variation of 7 over the surface due to our choice of com- 
plementary Stokes flow. However if 70 (or KO, oPn)  and 71 
- 
(or K1, b p , )  repsectively denote a rb i t ra r i ly  selected waveforms 
a t  the frontL(and r e a r )  stagnation point and at the equator then i t  
i s  readily seen  f r o m  equations (16) and (17) with the aid of the 
relations (2) that E, I?, and D a r e  given by 
A res t r ic t ion  on the choice of KO, epn i s  c lear ly necessary  s ince 
" 
q s  is,  z e r o  at the front stagnation point. F r o m  equations (2) and 
(8) this  r e  u i res  that KO = ( l - ~ G ) i  cos 6 
Po' 
Finally, the component of force  on the body due to the 
complementary Stokes flow i s  simply given by integration of the 
stokeslets s o  that I?' = 161~peaa. Thus upon integration of the 
s t r e s s e s  (1 1) the ze ro  total  force  condition becomes: 
r L bcos p a 2 a 2 
J 2 2 2 1 a p  {--(A % ) - t a n r  %(A 2q)Idr  
7-r 12 [b2cos  q t a  s in  p] 2 (23) 
Substituting for  A, C3, ?4, making some use  of the relations 
(16) and (17) and integrating this  becomes: 
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14 - 1 e a s in  e-e(1-e 2)$ F = -  2 2 where S = e 3 (24) k Q c (1-e )Se e 
We therefore have three  relations (18), (19) and (24) which can be 
solved to find U, a and /3 in t e r m s  of known quantities D and 
I?. Neglecting t e r m s  which a r e  order  (kb)-I since our initial  
restr ic t ion requi res  that kb be la rge  the propulsive velocity 
becomes after substitution fo r  E and F f r o m  equations (20), 
(21) and (22) 
C 
where 
This  propulsive velocity i s  readily computed for  any 'ellipsoidal 
cil iate given the metachronal wave number,  k, the "cilium length", 
I, the eccentricity,  e, of the body shape and the cil iary beat f o r m s  
a t  the front  (KO, and a t  the mid  section (K1, 
When e ' 1 we find f r o m  equations (26) and (27) that 
Ge + 1 and He40  and hence we recover  the infinite sheet solution 
of the section on the Infinite Sheet (Figure 3). On the other hand 
when e 4 0  and the organism becomes spherical  Ge42 /3  and 
He + 4 / 9  and the solution of Brennen (1974) i s  obtained. Since 
the la t ter  has a functional relationship s imi la r  to Figure 3 but 
with somewhat different optimum values of the propulsive velocity 
a t  slightly different K, ep positions i t  follows that the general  
r e su l t  (25) also has the same  charac te r  a s  Figure 3. The f i r s t  
s tep  in  finding the optima of equation (25) i s  c lear ly t o  give 
ep 0 
their  optimum values of * 1 /fi and 0, .rr for  
sy&qlectic motion respectively. Then the optimum propulsive 
velocities in  the two directions clear ly occur when 
= and 
and the value i s  
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2 2 The values of l ~ / c k  1  l o p t ,  and I K ~ / ~  a s  well  a s  
Ge and He a r e  shown in  Figure 4 a s  functions 09 the rat io  of 
elliptical minor to major  axes,  b/a.  We must  conclude f r o m  this 
figure that the shape of the organism has only a minor effect a n  
the propulsive velocity though the m o r e  rounded spherical  body 
is somewh.at better due to the additional propulsive effect men- 
tioned previously. 
The experimental data presently available in  the l i t e ra ture  
is insufficiently accurate  t o  allow evaluation of such difference. 
A fur ther  and most  c ruc ia l  difficulty in  such comparisons i s  the 
fact  that the present approach i s  based on the assumption of sma l l  
wave-amplitudes (or kQ < O ( 1 ) )  for  the envelope model; on the other 
hand kl i s  generally much la rger  a s  indicated in  Figure 5 which 
represents  a n  assimilation of data on four cil iated organisms f r o m  
many sources including Sleigh(1962), Parducz (1966), Jahn and 
Bovee (19671, Macherner (1972), Tamm (1972), W h e t  (1973) and 
Pres ton  (1972). The data and some non-linear considerations 
suggest that the factor k2Q2/,2 i n  the present prediction forlthe 
propulsive velocity i s  the l inearized equivalent of (1 f k 2 Q 2 ) ~  - 1; 
as  can  be seen  f r o m  Figure 5 such a functional dependence cor  - 
relates  well  with the observations. 
T H R U S T  P R O D U C E D  B Y  R E S T R A I N E D  ORGANISMS 
The ci l iary propulsion sys t em of a particular micro-  
organism i s  clearly called upon to per form a number of tasks 
and quite apar t  f r o m  evolutionary arguments one cannot conclude 
that optimum rectil inear propulsion i s  necessar i ly  the most  im-  
portant aspect  of the propulsion system. Indeed the ability to 
maneuver and accelerate  may be of equal o r  grea te r  importance. 
A measu re  of such ability i s  c lear ly the thrus t  which an  organism 
can generate when i t s  movement i s  res t ra ined  by some extraneous 
agent. This thrust  i s  readily computed f r o m  the equations of 
the las t  section; setting U equal to  ze ro  the thrus t ,  T, in  the 
negative x direction i s  
2 2 T = 2 a p w k l  a [ ( l - e  )Se] [ ( l -Kt)*  cos 8 - K ~ ]  
1 
The first conclusion we m u s t  draw f r o m  this resu l t  i s  that the 
maximum thrust  occurs  f o r  cil iary beat patterns,  KO,  
8 D _ ,  K1' 
' u 8 which a r e  different in  general  f r o m  those producing optimum 
1 
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RATIO O F  ELLIPSOIDAL MINOR T O  MAJOR AXES,  b/a 
2 2 Figure  4. Variation of the optimum propulsive velocity, I ~ / c k  Q 1, 
for  a n  ellipsoidal micro-organism with the axes rat io  b / a  and 
the corresponding value of I K ~  1 t. Also shown a r e  the functions 
Ge, He and (1-e2)se the las t  b e g g  proportional to the maximum 
thrus t  which a res t ra ined  organism can  generate. 
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Figure  5. Non-dimensional propulsive velocities, U/c,  a s  a 
function of wave amplitude, kQ, with observations f r o m  a number 
of cil iated micro-organisms.  
rect i l inear  propulsion. Indeed the pr imary  variation of T with 
the beat pattern i s  given by the function (1 - ~ ~ ) - $ c o s  8 which i s  P plotted i n  Figure 6 for  contrast  with Figure 3 .  Optimum thrus ts  
f o r  latent symplectic (T = positive) and latent antiplectic motion 
occur  at  K1 = 0 ,  ep = 0, KO = f 1 / G  and 8 = .rr, 0 respectively 
and the magnitude of T i s  Po 
Finally and most  significantly we observe the implications of 
the eccentricity factor (1-e2)se which a s  shown in Figure 4 var ies  
f r o m  0 f o r  b / a  = 0 to  213 a t  b / a  = 1. Hence the surpris ing r e -  
sul t  that a more  rounded o r  spherical  organism i s  potentially 
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1 
Figure  6. Variation of the function ( l - ~ ~ j ~ c o s  8 which i s  the 
pr imary  ci l iary beat feature influencing the t h r u h  an  organism 
can  generate when res t ra ined  f r o m  rect i l inear  propulsion. 
better a t  accelerating and maneuvering than a more  elongated or 
"streamlined" organism. In contrast  t o  the shape effect on rec t i -  
l inear propulsive velocity which i s  relatively small ,  this  effect 
on the thrus t  i s  large and should be detectable in  pract ical  obser-  
vations. By way of an indication of the magnitude of T we 
calculate using a m a s s  plus added m a s s  that the initial accelerat ion 
f r o m  r e s t  of the organisms Opali a and Paramecium should be of 
order  1. 5 and 100 body lengths/s2 respectively. Accelerations 
of these magnitudes a r e  consistent with observation. 
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